In this paper, we complete the classification of the Z-graded modules of the intermediate series over the q-analog Virasoro-like algebra L. We first construct four classes of irreducible Z-graded L-modules of the intermediate series. Then we prove that any Z-graded L-modules of the intermediate series must be the direct sum of some trivial L-modules or one of the modules constructed by us.
Introduction
The classification of irreducible graded modules with finite dimensional homogeneous subspaces over a graded Lie algebra is one of the main subject in the study of Lie theory. Meanwhile, the irreducible graded modules with finite dimensional homogeneous subspaces for some infinite dimensional Lie algebras, such as the Heisenberg Lie algebra and the Virasoro algebra, have important applications in the study of the vertex operator algebras and theoretical physics. In this paper, we study the classification of Z-graded modules of the intermediate series over the q-analog Virasoro-like algebra. The q-analog Virasoro-like algebra is introduced by Kirkman etc in [1] . It can be realized as the universal central extension of the inner derivation Lie algebra of the quantum torus C q [x ±1 1 , x ±1 2 ] (see [2] or [3] ), where q is generic. Quantum torus is one of the main objects in noncommutative geometry, and plays an important role in the classification of extended affine Lie algebras ( [2] ). Meanwhile, the q-analog Virasoro-like algebra can be regarded as a q deformation of the Virasoro-like algebra introduced and studied by Arnold, Wit, etc when they tried to generalize the Virasoro algebra ( [4] , [5] and [1] ). There are some papers devoted to the study of the structure and representations of the q-analog Virasoro algebra. Jiang and Meng studied its derivation Lie algebra and the automorphism group of its derivation Lie algebra ( [3] ). Chen, Lin, etc. studied the structure of its automorphism group ([6] ). Zhao and Rao constructed a class of highest weight irreducible Z-graded modules over the q-analog Virasoro-like algebra, and gave a sufficient and necessary condition for such a module with finite dimensional homogeneous subspaces ( [7] ). Gao constructed a class of principal vertex representations for the extended affine Lie algebras coordinatized by certain quantum tori by using the representation of the q-analog Virasoro-like algebra( [8] ). The classification of the irreducible graded modules with finite dimensional homogeneous subspaces and nontrivial centers over the q-analog Virasoro-like algebra has been completed in [9] . Thus, we only consider the classification of the Z-graded modules of the intermediate series over the centerless q-analog Virasoro-like algebra L in the present paper. In section 2, we first recall some notations about the centerless q-analog Virasoro-like algebra L and its Z-graded modules of the intermediate series. Then we construct four classes of Z-graded L-modules of the intermediate series, and show that they are irreducible. In section 3, we complete the classification of the Z-graded L-modules of the intermediate series.
2 The q-analog Virasoro-like algebra and its Z-graded modules of the intermediate series
Throughout this paper we use Z, Z * , C, C * and N to denote the sets of integers, nonzero integers, complex number, nonzero complex number and positive integers respectively. All spaces are over C.
In this paper, we require q ∈ C to be a fixed nonzero non-root of unity. Let L be a vector space
Define a commutator in L as follows:
then L is called the centerless q-analog Virasoro-like algebra. And it is easy to check that
Next, we recall the definition of the Z-graded L-modules of the intermediate series. If a vector space V = n∈Z V n satisfies:
In this paper, we study this type of Z-graded L-module and its classification. First we construct four classes of Z-graded L-modules.
Proposition 2.1: Set V= v j |j ∈ Z . For any a ∈ C * , define the action of the elements in L on V by linearly extending the following maps respectively:
Then V becomes a L-module with the actions defined in 1 , 2 , 3 or 4 respectively.
Proof. We take 1 and 3 for examples to show that V is a L-module with respect to the action defined in 1 or 3 respectively.
For the operators defined in 1 , we have
Meanwhile,
Hence,
For the operators defined in 3 , we have
Similarly, one can check that V is a L-module with the operators defined in 2 or 4 respectively. where V n = Cv n . We will use V (a, I), V (a, II), V (a, III) and V (a, IV ) to denote the corresponding Z graded L-modules defined by 1 , 2 , 3 , and 4 respectively.
The classification of Z-graded L-modules of the intermediate series
In this section, we discuss the classification of the Z-graded L-modules of the intermediate series.
We will first prove two Lemmas. 1 is degenerate, then V can be decomposed into the direct sum of some trivial L-submodules.
Proof. Without loss of generality, we can assume V = 0. Since the action of t 1
Now we prove that V n is a trivial L-module. We will first prove that t k 2 acts trivially on V n for any k ∈ Z * , n ∈ Z. We only give the proof of this claim for case (1) here. The proofs of this claim for the other three cases are similar.
Suppose that t 1 1 .V n = 0 and t −1
Thus we deduce that
Next, we show that t j 1 acts trivially on V n for any j ∈ Z * . On one hand, we have that
On the other hand, for any j ∈ Z * , we have that
Finally, for any k, j ∈ Z * , we have that
Therefore, V n is a trivial L-submodules for any n ∈ Z. Thus V can be decomposed into the direct sum of some trivial L-submodules. 1 is nondegenerate, then V must be isomorphic to V (a, I), V (a, II), V (a, III) or
Proof. Since the action of t 1
is nondegenerate, the action of t
Together with L u .V n ⊆ V n+u and dim V n ≤ 1 for any u ∈ Z * and n ∈ Z, there must be
We first show that there exists a base {v j ∈ V j |j ∈ Z} of V such that t ±1
1 .v j = λv j±1 for any j ∈ Z. Suppose ω 0 ∈ V 0 with ω 0 = 0 and set ω n = t 1 1 .ω n−1 ∈ V n . Since the action of t
±1
1 is nondegenerate and dim V n = 1 for all n ∈ Z, we have that {ω n ∈ V n |n ∈ Z} forms a base of V and t 1 .ω n = ω n+1 . Denote t −1
Thus there exists p ∈ C * such that t −1
Therefore,
Next we prove the following claim.
Claim:
We have that the characteristic equation of (3.5) is as follow
Now we divide our proof of the claim into two cases according to whether the equation (3.6) has different roots or not.
Case I. The equation (3.6) has not different roots. Then
Applying this result to (3.6), we have x 2 + 2x + 1 = 0, since λ = 0. Thus the root of equation (3.6) is −1. By a result in [10] , we obtain that there
Applying (3.7) to (3.8), we have that
for all k ∈ Z, which implies that Case II. The equation (3.6) has different roots. Then
Since λ = 0, the root of equation (3.6) can not be zero. Thus we can assume the roots of (3.6) are x and x −1 respectively. By a result in [10] , we have that there exist
Substituting (3.9) into (3.8), we obtain that
for all k ∈ Z.
Now we prove that
We will divide our proof into two cases according to whether |x| = 1 or not.
Since the equation (3.6) has different roots, we deduce that x = ±1. If x 2 = −1, as the equation (3.10) holds for all k ∈ Z, then it is easy to obtain λ 1 (−1)λ 1 (1) = λ 2 (−1)λ 2 (1) = 0 by the geometry significance. If x 2 = −1, then x = ±i. Without loss of generality, we can assume
Substituting it into (3.9), we have
Substituting x=i into (3.10), we have
where k ∈ Z. Notice that (3.12) holds for any k ∈ Z, we deduce that
If λ 1 (−1)λ 1 (1) = λ 2 (−1)λ 2 (1) = 0, we can assume
In this condition, we can get that f(2,0,0) = 0. In fact, since
we have
14)
by (3.4). Substituting (3.13) into (3.14), we have that
by (3.4) . Substituting (3.11) into (3.15), we have that 
is a scalar, which is a contradiction to (3.10). Hence, λ 1 (−1)λ 1 (1) = 0.
One can deduce that λ 2 (−1)λ 2 (1) = 0 similarly.
All in all, the result that λ 1 (−1)λ 1 (1) = λ 2 (−1)λ 2 (1) = 0 is obtained.
Applying the result above to (3.10), we obtain
If λ 1 (1) = λ 2 (1) = 0 or λ 1 (−1) = λ 2 (−1) = 0, substituting this result to (3.16), we have
(1 − q)(1 − q −1 ) = 0, which is absurd. Thus
Without loss of generality, we can assume that λ 1 (−1) = λ 2 (1) = 0, λ 1 (1) = 0 and λ 2 (−1) = 0.
Substituting it into (3.16) and (3.9) respectively, we have
Setting λ 1 (1) = a, from (3.17) and (3.18) we obtain
In a word, we have proved the claim that
for some a ∈ C * where b ±1 ∈ C * \ {1} are roots of the equation (3.6).
Considering that f (±1, 0, k) = λ for any k ∈ Z, by using (3.4) and the equation
where m = 0, −1, we have
Substituting (3.19) into (3.20), we have that Therefore, V be isomorphic to V (a, IV ).
In a word, L-module V is isomorphic to one of the four classes of Z-graded L-modules constructed in Proposition 2.1.
From Lemma 3.1 and Lemma 3.2, we obtain our main result in this paper. 
